A recent innovation in modeling exchange rates has been the use of nonlinear techniques such as threshold autoregressive models and its smooth transition variants. This paper investigates the smooth transition autoregressive (STAR) modeling strategy in an application to real exchange rates. The key findings are as follows. First, using the methodology advocated by Teräsvirta (1994), we find evidence of nonlinear dynamics for several of the spot dollar real exchange rates using monthly data on five of the G7 countries. However, once estimated, we find that the STAR specification is appropriate for only one of the three exchange rate series indicated to be an ESTAR process. Moreover, using simulations, we show that the underlying methodology used to detect nonlinearities in the data exhibit substantial size biases, which we attribute to influential observations. We also investigate an alternative nonlinear specification and find that we can model the dollar-sterling and the dollar-lira real exchange rates better as an open-loop TAR process instead of a SETAR process.
Introduction
The literature on real exchange rates finds that when real exchange rates are modeled as a linear process, they exhibit nonstationary behavior. This has the implication that any shocks to real exchange rates are permanent which contradicts the concept of Purchasing Power Parity (PPP). Rogoff (1996) refers to this phenomenon as the 'PPP puzzle', since it casts doubt on the validity of a linear process for exchange rate movements. The PPP puzzle refers to two key findings that appear to be inconsistent: large short run volatility of real exchange rates which appear to be inconsistent with the long run stability observed in real exchange rates.
Recent papers over the past decade argue that this puzzle can be resolved by modeling the series as nonlinear stationary as opposed to a linear stationary process. The nonlinear nature of the series arises because of transactions costs and noise trading (Michael Nobay, and Peel (1997) and Killian and Taylor (2003) ). Inside a certain band, real exchange rates follow a random walk. However, as exchange rates approach and move beyond a certain threshold, they become, as predicted by PPP, mean reverting --hence the nonlinear nature of the time series process.
Threshold models have been most often used to capture this nonlinear behavior. In particular, the ESTAR model has been largely popular, because this framework has the ability to adjust its dynamic behavior depending on how much the real bilateral exchange rate deviates from the PPP norm. Negative and positive deviations are treated symmetrically with this type of model. Thus, if deviations from the PPP determined norm are small, then the ESTAR framework will model them as being persistent. However, if the deviations are far from the norm or threshold, then the ESTAR model will exhibit mean reverting dynamics.
However there are problems with this framework. One problem, as pointed out by Killian and Taylor (2003) is that forecasts based on ESTAR models do not outperform a random walk. Moreover, as pointed out by van Dijk et al (1999) , large outliers may cause a series to be mistaken as an ESTAR process even though true DGP is linear. This paper questions the power of the main test designed to detect an ESTAR process. We find that in estimating several real exchange rate series as ESTAR processes, the appropriateness of the ESTAR model depends on the country in question. More specifically, of the five real bilateral exchange rates we investigate, only three are found to be nonstationary, and these are also indicated to be ESTAR processes through Teräsvirta's testing methodology. However, of these three real exchange rates, only one actually exhibits ESTAR type behavior. We conclude that there are other factors besides noise traders and transactions costs that can explain why, for some countries, the real bilateral exchange rate displays nonstationary behavior. We proceed to investigate whether there are other thresholds, aside from some PPP determined real exchange rate target that are relevant.
We investigate cases for nonlinear-threshold models of real exchange rates, where lags of the exchange rate itself may not be the appropriate threshold. More specifically, in the case of the real dollar-sterling exchange rate, we find that the real exchange rate series is better
represented by an open-loop TAR process that uses the spread between the US and the UK overnight interest rate as the threshold variable. In the case real dollar-lire exchange rate, we show that the nonstationary behavior results from structural breaks. Prior to this break, this exchange rate was nonstationary and after the break became linear-stationary. Moreover we argue the two periods for this exchange rate occurred not because of frictions but because of Italian macroeconomic policies.
The remainder of the paper is organized as follows. Section 2 reviews the recent literature leading to the models that incorporate nonlinear adjustment mechanisms. Section 3 develops the framework under which we examine and compare the predictions of the two setups. In section 4, we outline the estimation methodology and report estimation results. Section 5 examines alternative explanations for nonlinear behavior apart from a threshold in the real exchange rate. Section 6 concludes.
A Brief Review of the Literature
This section touches on some of the main highlights in the PPP literature pertaining to whether bilateral real exchange rates follow a random walk or not. An excellent survey of the literature and the ensuing debate on PPP can be found in Taylor and Taylor (2004) .
Studies, beginning in the 1980s, focusing on unit roots and cointegration, brought into question the validity of PPP. Such tests, by being unable to reject the null of a unit-root in real exchange rates, implied that real exchange rates followed a random walk 1 . Proponents of PPP were alarmed by these results because most reasonable theoretical models assumed that deviations from PPP should be temporary at best. Though there may be rigidities in domestic nominal prices, long term monetary neutrality implies that any effects of money shocks on the real exchange rate adjusted for price differential should die out in the long
run.
An alternative view began to form in the late 1990s. This view purported that models of exchange rate determination need to incorporate the presence of frictions such as transactions costs (see, e.g., Michael Nobay and Peel (1997) or noise traders (Killian and Taylor (2003) ). The idea being that because of frictions, small, permanent deviations from PPP were possible. However, large deviations would be corrected where the size of the adjustment (degree of autoregressive decay) depends positively on the size of the deviation.
Real exchange rates become mean reverting only when there is a substantial deviation from purchasing power parity. Incorporating these concepts involved deriving and estimating nonlinear time series models. A particular framework that exhibited this type of nonlinear behavior was the exponential smooth transition autoregressive (ESTAR) model, which is a variant of the smooth transition auto regressive (STAR) models. This type of model has been relatively successful in explaining some observed characteristics of real exchange rates.
Examples of papers that incorporate the STAR and ESTAR specification include Michael, Nobay and Peel (1997) , Taylor, Peel and Sarno (2001) , and Lothian and Taylor (2004) .
Under these types of models, the degree of autoregressive decay continuously varies depending on the deviation from PPP norm. To summarize, the further the real exchange rate is from the PPP norm, the less effect transaction inhibiting frictions will have on the ability of the exchange rate to adjust towards the norm. The closer the exchange rate is to the norm, the more likely adjustment will be inhibited by transactions costs, and therefore causing the series to exhibit nonstationary behavior.
Complementing the use of the STAR framework is the methodology used to test for STARtype nonlinearity. First, according to this methodology, tests for nonstationary are performed (see Lothian and Taylor (2004) ). Second, assuming that the null of nonstationarity is not rejected (otherwise, it is not necessary to go any further), the next step is to use the procedure suggested by Teräsvirta (1994) to determine whether the time series is linear or conforms to a STAR process. We outline the analytical framework in the next section, followed by the methodology used to estimate a STAR type process.
The Analytical Framework
In this section, we outline the framework for the nonlinear adjustment mechanisms used to explain bilateral real exchange rate movements.
Assuming no transaction costs, the long run PPP condition may be written as:
where e t is the logarithm of the nominal exchange rate (domestic price of foreign currency), and p t and p t * denote the logarithm of the domestic and foreign price levels at time t respectively. s is a constant reflecting differences in units of measurement whilst y t is a stationary error term representing deviations from PPP. Defining the real exchange rate in logarithmic form as:
It is easy to see by plugging the definitional equation (2) into (1) that the real exchange rate can be viewed as a measure of the deviation from PPP.
The Benchmark (Linear) Case
The benchmark case considered within this paper is one where deviations from PPP follow a linear process as shown in (3) below: 
where α j are the coefficients to be estimated, and ε t is a random error. If the PPP condition is to hold in the long run, then deviations from PPP should be stationary so that the process that generates q t should settle down in the long run to some equilibrium value. However, if
, then the underlying data generating process for the real exchange rate contains a unit root, and hence the real exchange rate (or equivalently, deviations from PPP) are nonstationary. Early studies of PPP were unable to reject a unit root null hypothesis for α 1 , e.g. Mark (1990) .
The ESTAR Case
Beginning in the 1990s it was shown that PPP could hold once frictions such as transactions costs and noise traders were accounted for. A family of models that could incorporate these frictions is the STAR family. Of this family, studies typically incorporate an ESTAR specification because, in addition to being able to account for frictions, it also posits that adjustments to PPP deviations are the same for positive and negative deviations from equilibrium. Modeling the deviations in equation (1) to follow an ESTAR process results in the following specification:
where the sequence of deviations from PPP, {y t }, is a stationary, ergodic process, where the transition function would be written as:
However, this formulation for the transition function would imply that real exchange rate deviations were asymmetric, which we believe to be implausible given the current context and the previous literature on real exchange rates. Another point of interest to note is that one of the features of the STAR family is that deviations from equilibrium yield increasing mean reversion but only after a delay, d. This can be seen by the inclusion of a d period delay in the deviations, y t-d in equation (4).
Following Michael et al. (1997) , we reparameterize the ESTAR model in (4) into an errorcorrection form:
The important parameters in this form are λ and λ * . It is easy to see from this specification that if there is any evidence of nonstationary behavior, either λ or λ * will be greater than zero. However, if the outer regime is stationary and the inner regime nonstationary, then we must have λ * <0 and λ+λ * <0. In other words, if deviations from PPP are small, then y t may not be nonstationary. For large deviations from PPP, then the process for y t is mean reverting.
Testing for Stationarity and Non Linearity
In this section we analyze the real bilateral exchange rates between the United States and five of its trading partners -Canada, France, Italy, Japan, and the United Kingdom 3 . We first test each series for stationarity. If a series is found to be nonstationary, we then employ Teräsvirta's (1994) 
Data
The data set consists of average monthly spot exchange rates observations for the US dollar were constructed according to equation (4), where e t is taken as the logarithm of the dollar price of foreign currency (i.e. dollars per unit of foreign currency); p t is the logarithm of the US consumer price index, and p * is the logarithm of the consumer price index in the other countries. We renormalize the real exchange rate (and the other series) so that in January 1973, the log real exchange rate equals zero. Figure 1 depicts the spot dollar real exchange rate series against the countries mentioned above.
Testing for Stationarity
In estimating the linear model so that we may test for nonstationarity, we initially need to determine the order of autoregression, p. This is done by utilizing an information criterion like the Akaike and Schwartz criteria as well as examining the partial autocorrelation function (PACF) for the real exchange rate. (3) to determine which of any of the series are nonstationary. The results from these tests are outlined in Table 3 .
As can be seen from the table, we are unable to reject the null hypothesis of a unit root in the real exchange rate series at a 5% level of significance using both the augmented DickeyFuller and Phillips-Perron tests. In addition, the real exchange rate series appears to be difference-stationary. The finding here is consistent with the well known result that real bilateral exchange rates appear to exhibit nonstationary behavior. It should be noted however, that the failure to reject the null hypothesis of a unit root may be accounted for by the low power of unit root tests. Alternatively, it could also indicate the presence of nonlinear dynamics in the real exchange rate, a matter we will now investigate.
ESTAR Estimation
To specify a STAR model, it is necessary to first determine the order of the autoregression parameter, p. We utilize the same values for p as we did in the linear case. Once the order, p, is determined there are three further steps: testing for linearity; selecting the value for the delay parameter, d; and choosing between an LSTAR and an ESTAR specification. These further three steps involve employing a method suggested by Teräsvirta (1994) . The idea behind these tests is to take a third order Taylor expansion of the transition function given in equation (4) 
The linearity test involves testing the joint hypothesis that all the coefficients correspond to the cross products in (7) are zero:
The above test is also used to determine the delay length, we are unable to reject the null of linearity for US-Canada and US-Japan. For the others, we reject linearity and select d=11 for US-France, d=10 for US-Italy and d=7 for US-UK. For the three nonlinear series, the next step is to determine whether to specify them as LSTAR or ESTAR models. To do so, following Terasvirta's recommendations, we test the following hypothesis corresponding to equation (7):
If the p-value resulting from the hypothesis test in equation (8c) is the smallest, we pick the ESTAR specification otherwise the decision rule suggests an LSTAR specification.
The next step is to estimate the ESTAR model for each of the bilateral real exchange rate series using nonlinear least squares. This process yields estimators which are consistent and asymptotically normal. The results are reported in Table 5 . 5 For US-France, we find that the estimated value of λ is positive, but not significant at the 10 percent level, although it is fairly
close. This indicates that we cannot reject the null of nonstationary behavior within the inner regime. However, λ* is both negative and greater in magnitude than λ and according to our estimated results, the hypothesis that λ + λ*≥ 0 is rejected at a 0.008 level of significance.
Hence, we find evidence of stationary behavior in the outer regime and the dollar-franc real exchange rate appears to be nonlinear and globally stationary. However for the US-UK, we find that we are unable to reject the null hypothesis that either λ = λ*= 0. Moreover, when looking at the estimated AR parameters for the outer regime, i.e. φ * j (j=1,…,p), we find that none of them appear to be significant for any of the countries with the exception of Italy.
The only significant parameters appear in the inner regime.
For Italy, the hypothesis that λ + λ*≥ 0 is rejected at a 0.08 level of significance. However we are skeptical about these results since they are sensitive to the initial vector of parameters used to initiate the nonlinear least squares search. Changing the starting value for the threshold parameter, c 0 , yields a different ESTAR specification. This specification had a lower sum of squared residuals of 0.169, but yields parameter estimates that appear to be counter-intuitive: λ is significantly less than zero and λ* is significantly greater than zero.
This would indicate that the further the real dollar-lira exchange rate is from its threshold, the more nonstationary it is, whilst the closer the real exchange rate is to its threshold, the greater the degree of stationarity. We present the preferred specification in Table 5 , but point out that there is nothing within the estimation methodology that allows us to discard the alternative specification that was estimated, apart from the idea that it runs contrary to the way we would expect real exchange rates to behave under this framework.
These results highlight and motivate the key insight provided by this paper. The STAR estimation methodology that is advocated by the literature and by which we follow, suggests the US-UK, US-France and US-Italy data are nonlinear and follow an ESTAR process.
However, in actually estimating the model, the parameter estimates suggest that the ESTAR model is not a valid process for dollar-sterling real exchange rate, whilst the estimates for the dollar-lira real exchange rate appear to hinge on the initial conditions for the threshold parameter. It is only in the US-France case that we are able to estimate an ESTAR specification, yet several of the parameters in the outer regime (i.e. In the case of US-Italy, the sum of squared residuals in the original linear model was 0.181.
After dummying out the three observations pertaining to 1982:06, 1991:03, and 1992:10, the sum of squared residuals falls by 9.4 percent from 0.181 to 0.164 which is slightly less than the sum of squared residuals obtained from the US-France ESTAR model (0.169).
At issue is whether the presence of outliers, or influential observations in the data cause the diagnostic tests suggested by Teräsvirta (1994) to falsely reject the linearity hypothesis in favor of an ESTAR model and hence, is the estimated STAR effect simply a consequence of just a few outliers. The methodology behind estimating ESTAR (and in general, TAR) models requires sufficient observations in different regimes to be able to correctly estimate the underlying parameters in those regimes without introducing biases or efficiency losses in estimating them. If we assume that the influential observations denoted in the figures above represent valid observations in the "outer" regimes of a true STAR process, then the results here would seem to indicate that we only have a few observations which we can use to make inferences about parameters in that regime. This is an issue since the lack of observations would imply that any estimation procedure would be subject to small sample biases. This idea is pursued by Ahmad (2007) .
If we hold the above to be true, then in some sense, the ESTAR modeling methodology requires a certain number of "outliers" to be able to correctly identify and estimate the underlying model. If there are insufficient deviations from the threshold value(s), then we have an identification issue, since we will have insufficient observations in the outer regimes and hence we will be unable to correctly identify the different regimes. In the case of the two real exchange rates discussed above, we find that the lack of enough observations in the outer-regimes provides a possible explanation as to why the linear models for these exchange rates perhaps captures movements in the real exchange rate better than the nonlinear (ESTAR) model. It also provides an alternative explanation for why we were unable to reject the null hypothesis of linearity for Canada and Japan. Indeed, of the five real exchange rate series we examine, only the dollar-franc series is able to be estimated as an ESTAR process without any problems (although the parameters in the outer regime appear to be insignificant).
Some Simulation Results
An extension to this idea is to consider whether data possess enough observations to be able to correctly infer different regimes, given that the underlying data generating process contains nonlinear dynamics. Are we able to correctly infer the true form of the nonlinear dynamics? Similar results were found by Ahmad (2007) who examines this issue in the context of small sample bias for Threshold autoregressive models. To highlight this idea further, we proceed to investigate further through a Monte Carlo investigation.
We start by using our estimates of the coefficient arising out of the linear AR(p) model for the dollar-sterling real exchange rate. Utilizing these coefficients, we then generate pseudo data that has the same characteristics of the actual real exchange rate, (i.e. the same mean, variance, and sample size), but where the underlying data generating process is linear. For each trial, we discard the first 200 observations and then implement the ESTAR methodology on the remaining observations to see if: (i) linearity is accepted or rejected; (ii)
whether the methodology we implemented here in this paper (falsely) indicates an ESTAR or LSTAR specification, given that it has rejected linearity. We do this for 100, 500, and 1,000 trials where we set the size of the test at a 5% level of significance. The results are reported in the table 7.
As can be seen from the table, there are substantial distortions in the size of the test. That is, given a true null hypothesis that the data generating process is linear, we find that we reject the true linear null and favor the alternative of nonlinearity at a rate substantially higher than that of 5 percent. The results here give credence to the point made by van Dijk et al (1999) that influential observations in the data may distort the power of the tests used to detect the presence of nonlinearities in the data.
Do exchange rates follow a nonlinear process?
We have suggested that Teräsvirta's (1994) could conclude that influential observations may not be the only reason for rejecting linearity in favor of nonlinearity. Alternatively, it may be that the underlying data generating process is inherently nonlinear, and that these influential observations are drawn from the set of observations that truly lie in the outer regime. However, it may be the case that the total number of observation in that regime is limited, which would mean that we are unable to capture the true nature of the nonlinear dynamics correctly.
Given the results above, it is worth exploring whether these series adhere to an alternative nonlinear specification. More specifically we look at Threshold Autoregressive (TAR) models. Like STAR models, the dynamics of the process depends on where the exchange rate is relative to a threshold variable. However, instead of assuming a continuous adjustment, TAR models assume that the adjustment is discrete. In addition, instead of specifying the threshold variable to be the value of the real exchange rate lagged d periods,
we look to economic theory in search for where the threshold may lie.
Several models of exchange rate determination, e.g. the monetary model of exchange rate determination amongst others, suggest that exchange rates are determined as a result of monetary policy actions by central banks, particularly within a floating exchange rate system.
Hence, we consider the case where the underlying threshold variable does not lie within the exchange rate domain, but is instead dependent upon a monetary variable that influences the real exchange rate. In the case of the dollar-sterling real exchange rate, the threshold variable 6 Estimation results are not reported here.
is found to be within the spread between the federal funds rate and the overnight interest rate in the UK. In the case of dollar-lira real exchange rate, we find a similar threshold within the spread between the log of the U.S. CPI and the Italian CPI.
We use a method suggested by Tsay (1989) to test for threshold nonlinearity. This entails rearranging the autoregression according to the order of a threshold variable -the spread between the overnight interest rates in the U.S. and U.K. in the case of the real dollarsterling exchange rate, and the spread between the natural logs of the U.S. and Italian consumer price indices in the case of the real dollar-lira rate. Tsay's (1989) test then involves searching for a break in this ordered autoregression, which would indicate the presence of a threshold.
The Dollar-Sterling TAR Model
Using the method suggested by Tsay (1989) , we find evidence of a threshold in the absolute lagged value of the spread between the U.S. federal funds rate and the U.K. overnight rate.
Using Tsay's arranged autoregression test, we obtain a test statistic of F(4,382) = 4.8 with a corresponding p-value of 0.00087. The result suggests that the null hypothesis of linearity can be rejected for any reasonable level of significance. According to this method, the threshold level for the spread is 4.66 percentage points.
It is interesting to note, that the spread between the UK and US overnight rates was greater than 4.66 percentage points in each of the three periods that we documented as outliers earlier. In 1979 earlier. In :07, 1985 earlier. In :04 and 1992 :10, the lagged difference between the US and UK overnight rates were 5.29, 5.67 and 6.03 percentage points respectively. Thus, we would argue that these outliers are indicative of a nonlinear process albeit not an ESTAR process.
Based on this information, we estimate the following threshold autoregression model: 
where x t represents the one period lagged interest rate differential between the overnight interest rate in the US and that in the UK. These results, reported in table 9, indicate that the real dollar-sterling exchange rate is more persistent when the lagged spread between US and UK over-night rates are below the threshold of 4.66% than when they are above it. In addition, 83 out of the 393 observations occurred when the spread between the two overnight rates were above 4.66 percent. It is also interesting to note that the sum of squared residuals, 0.2090 in this model is less than the sum of square residuals in both the linear and the ESTAR models.
The Dollar-Lira TAR Model
For the dollar-lira exchange rate, we find evidence of a threshold in the spread between the log of the U.S. CPI and the Italian CPI. Using Tsay's arranged autoregression test, we obtain a test statistic of F(5, 298) = 2.7 with a corresponding p-value of 0.021. According to this method, the threshold level for the spread between the logs of the Italian and the U. S. CPI is 100.6 with four month delay. This threshold occurs at the point when Italy left the EMS in September of 1992. Italy remained above this threshold until the conversion to the Euro. We find similar results by conducting a QLR test for structural breaks with an unknown breakpoint. 7 These results suggest that the relative price structure between Italy and the U.S.
stabilized when Italy left the ERM. Perhaps the discipline from being part of the ERM, as well as Italy's commitment to rejoin the ERM after leaving it, enabled the Italian central bank to credibly conduct policy so that price stability was maintained and consequently fluctuations to the dollar-lire exchange rate were minimized.
We proceed to estimate the threshold autoregression model as: 
Conclusion
The recent literature on real exchange rates has adopted nonlinear methods to capture the dynamics of real exchange rates. These models are able to generate a rich array of dynamics, since the dynamic behavior depends upon the extent to which the current value of the real exchange rate differs from certain threshold points. The existence of these thresholds, which are motivated for example by transaction costs and noise traders, lead real exchange rates to exhibit nonstationary behavior within certain regimes, whilst they exhibit stationary behavior in other regimes. One of the more common approaches has been to utilize the smooth transition autoregressive (STAR) framework which links the persistence of the real exchange rate to the extent to which the real exchange rate has deviated from a PPP defined norm.
Within this paper, we investigate the underlying methodology used to detect STAR type behavior and try to determine whether the STAR framework appropriately captures the nature of the nonlinear dynamics exhibited by five spot dollar real exchange rates. The underlying methodology that is used to detect nonlinearity and STAR type behavior, suggests that three of the five real exchange rate series may be modeled as an exponential STAR (ESTAR) process. However, we find that a linear model that accounts for influential observations manages to fit the data better for two of these three real exchange rate seriesthe dollar-sterling and the dollar-lira series -and that overall, of the five real exchange rate series we investigate, four of the five appear to be linear.
We attribute these findings to the presence of the aforementioned influential observations, which we believe leads to distortions in the test statistics used to diagnose and detect the presence of nonlinearities in the data. This is supported by simulations we conduct that show significant distortions in the size of test statistics. Since our view is that the underlying series are nonlinear, we investigate the dollar-sterling and dollar-lira real exchange rates further and find that they are best modeled as open-loop TAR processes. The underlying threshold does not appear to be within the exchange rate domain, but rather within variables that pertain to monetary policy: in the overnight interest rate spread for US-UK and in the CPI spread for US-Italy.
The results of this paper are intended to provide a note of caution to the growing literature that utilizes STAR type frameworks to investigate real exchange rate behavior. We question whether this framework adequately captures the nonlinear nature of real exchange rates. We continue to hold to the view that real exchange rates exhibit nonlinear dynamics. However, based on our findings, we suggest that we may need to need to look at macroeconomic theory to determine where threshold points may lie, rather than assuming that they lie within the domain of lagged real exchange rates. Tables   Table 1: Lag length selection based on PACF, AIC and SBC criteria. 
